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Abstract
In this work, I study the mixing of photons with pseudoscalar particles and vice-versa in the presence of an external
magnetic field and a pseudoscalar field. I solve exactly for the first time in the literature the equations of motion of
the electromagnetic field coupled with a pseudoscalar field in the presence of a constant magnetic field with arbitrary
direction with respect to the direction of propagation of the fields in vacuum. In addition, I also solve exactly the
equations of motion in a magnetized plasma/gas for perpendicular propagation with respect to the external magnetic
field. By finding exact solutions to the equations of motion, I find exact expressions for the transition probabilities
of photons into pseudoscalar particles in different situations. The expressions of the transition probabilities generalize
and correct those previously found in the literature by using approximate WKB methods on solving the equations
of motion. In the case when the direction of propagation of fields with respect to the external magnetic field is
not perpendicular, a longitudinal state of the electromagnetic field is generated. The appearance of the longitudinal
electromagnetic field (photon) state could be used for laboratory searches of pseudoscalar particles such as the axion
and/or axion-like particles.
1 Introduction
One of the most interesting effects that appear in electromagnetism is the interaction of the electromagnetic field with
external prescribed fields in media or a vacuum. Depending on the type of external field and on the type of medium,
several effects such as birefringence and dichroism may manifest. Usually, if there is present only an external electric field,
the effects that manifest are called electro-optic effects and in the case when it is present only an external magnetic field,
the effects that manifest are called magneto-optic effects. Among the magneto-optic effects, one of the most important
is the mixing of the electromagnetic field with a pseudoscalar field in an external magnetic field. This type of interaction
subjects the electromagnetic field to birefringence and/or dichroism effects that are in principle observable depending on
the values of the parameters that enter the interaction Lagrangian between the electromagnetic field, the background
magnetic field, and the pseudoscalar field.
In the last four decades, there have been several efforts to study and possibly detect, the axion or axion-like particles,
that are theorized pseudoscalar particles that in principle can solve the strong CP problem in QCD[1]. These pseudoscalar
particles are expected to be very light and to interact very weakly with matter and fields and so far their detection has
been quite elusive in laboratory experiments. One of the most promising ways to detect these pseudoscalar particles is
to use their coupling with the electromagnetic field that usually is represented with a vertex Feynman diagram where
two photons lines connect with a pseudoscalar field line. The first theoretical studies that proposed to use the two-
photon coupling with the pseudoscalar field, suggest using the interaction of an electromagnetic wave with an external
prescribed magnetic field that eventually leads to a partial or complete transformation of the electromagnetic wave into
a propagating pseudoscalar field in the same direction of the propagating electromagnetic wave[2]-[4]. The effect of the
partial or complete transformation of the electromagnetic wave into a propagating pseudoscalar field makes it possible
that the incident electromagnetic waves manifest birefringence and dichroism effects, which magnitude, depends on the
incident electromagnetic wave frequency, external magnetic field strength, and direction, and on the type of medium
where the interacting fields propagate in.
Based on the two-photon coupling of the pseudoscalar field, in the recent years there have been several experimental
efforts to detect axions and axion-like particles in a laboratory when usually laser beams interact with a transverse
magnetic field and after the effects of this interaction on the incident electromagnetic wave is studied [5]. Among these
experiments the so-called ”light shining through a wall” experiment aims to convert the incident electromagnetic wave
into weakly interacting particles (axions, axion-like particles, etc), in a constant transverse magnetic field, before a wall
fixed at a given distance, and after when these weakly interacting particles exit the wall, try to re-convert these weakly
interacting particles into photons in a constant and transverse magnetic field. Another possibility to use the two-photon
coupling to detect axions or axion-like particles is to measure any possible rotation of the incident electromagnetic wave
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polarization plane when it exits the external magnetic field [6]. So far, all these different types of experiments have not
detected any axion or axion-like particle or any other weakly interacting particle but only upper or lower limits on the
mass and/or coupling constant to photons of these particles have been set.
So far, on the theoretical side of the two-photon coupling of the pseudoscalar field, all theoretical calculations have been
based on approximate methods to solve the coupled equations of motion of the electromagnetic field with the pseudoscalar
field. Typically, the coupled field interaction is reduced to a set of coupled differential equations and they are solved by
using a WKB method to linearised the equations of motion and after use a semi-classical approach to calculate transition
probabilities and the rotation angle of the polarization plane or the generated ellipticity of the incident electromagnetic
wave. Also, in these theoretical studies [2]-[4], which so far have been the main ones in this field, the magnetic field is
assumed to be constant and it can be either perpendicular or it can have a longitudinal component with respect to the
direction of propagation of the fields. For example, in Ref. [3], the external magnetic field is assumed to be constant
and it has a longitudinal component with respect to the direction of propagation of fields and possible matter effects on
the electromagnetic wave are completely neglected. Then the coupled photon-pseudoscalar particle equations of motion
are solved in momentum space. In Ref. [4], the coupled photon-pseudoscalar particle equations of motions are linearised
and after are solved for only a transverse external magnetic field in presence of matter for only relativistic photons and
pseudoscalar particles.
One important fact about the photon-pseudoscalar particle equations of motion is that they have never been solved
exactly in presence of matter and/or for non-perpendicular propagation of the fields with respect to the external magnetic
field. An important issue that seems to have escaped to the attention of these theoretical studies is that in the case when
the magnetic field has a longitudinal component with respect to the direction of propagation of the fields, a longitudinal
photon state is excited either the mixing happens in a magnetized vacuum or magnetized matter such as plasmas or
gases. This longitudinal photon state could play an important role in helping the detection of axions or other similar
particles. The main goal of this work is to go beyond the theoretical studies [2]-[4], and solve exactly the coupled
equations of motion of the photon-pseudoscalar particle (such as axions and axion-like particles) mixing in an external
constant magnetic field by using the same approach as presented in Ref. [7] and find useful quantities such as transition
probabilities for arbitrary particle energies in magnetized vacuum or media. We will see that in some cases when the
transition probability of photons into pseudoscalar particles is equal to zero by using the approximate methods discussed
above, in the case when the transition probability is found by exactly solving the equations of motion, it contains other
additional terms that can be relevant depending on the situation.
This work is organized as follows: In Sec. 2, I formulate the problem of the photon-pseudoscalar particle mixing in
a constant magnetic and pseudoscalar field. In Sec. 3, I exactly solve the equations of motion in a magnetized vacuum
only for an arbitrary direction of the external magnetic field. In Sec. 4, I exactly solve the equations of motion in a
magnetized plasma or gas for a transverse magnetic field only. In Sec. 5, I find an exact expression for the transition
probability of photons into pseudoscalar particles and find the strength of the electric field of the excited longitudinal
photon state. In Sec. 6, I conclude. In this work I use the metric with signature ηµν = diag[1,−1,−1,−1] and work with
the rationalized Lorentz-Heaviside natural units (kB = ~ = c = ε0 = µ0 = 1) with e2 = 4piα.
2 Mixing in an external magnetic and pseudoscalar fields
In this section we derive the equations of motion for the photon and pseudoscalar fields propagating in a magnetized
medium. To start with, we write the effective action of the photon and pseudoscalar fields in flat spacetime as
Seff =
∫
d4x
(
−1
4
FµνF
µν − 1
2
∫
d4x′Aµ(x)Πµν(x, x′)Aν(x′) +
1
2
∂µφ∂
µφ− 1
2
m2φ φ
2 +
gφγ
4
φFµν F˜
µν
)
, (1)
where Fµν is the total electromagnetic field tensor, Π
µν is the photon polarization tensor in a medium, φ is the pseudoscalar
field, mφ is the mass of the pseudoscalar field, gφγ is the coupling constant of photons with pseudoscalar particles, and A
µ
is the photon vector potential. By varying the action (1) with respect to the electromagnetic field Aν and pseudoscalar
field φ, we find the following equations of motion
Aν − ∂µ(∂νAµ)−
∫
d4x′Πνµ(x, x′)Aµ(x′) = gφγ(∂µφ)F˜µν ,
(+m2φ)φ =
gφγ
4
Fµν F˜
µν , (2)
where we used the other set of Maxwell’s equations ∂µF˜
µν = 0 in the first equation in (2) and x = xµ = (t,x).
In general, the electromagnetic field tensor Fµν is given by the sum of the field tensor of the incident photon field fµν
and of the field tensor corresponding to the external magnetic field F¯µν . In most cases, the electromagnetic field tensor
2
corresponding to the external magnetic field is the dominant term. Considering the photon propagation in an external
magnetic field, the equations of motion (2) for the components of vector potential Ai(x) and pseudoscalar field φ(x) in
the temporal gauge1 A0(x) = 0 are
∂i∂
tAi(x) = −gφγ∂iφ(x)B¯i +
∫
d4x′Π0i(x, x′)Ai(x′),
(∂2t −∇2)Ai(x) + ∂i∂jAj(x) +
∫
d4x′Πij(x, x′)Aj(x′) = −gφγ∂tφ(x)B¯i,
(∂2t −∇2 +m2φ)φ(x) = gφγ∂tAi(x) · B¯i, (3)
where B¯i are the components of the external magnetic field vector and we used the fact that Fµν F˜
µν = −4E · B,
F˜ 0i = −Bi. Let us now expand the electromagnetic field Ai and pseudo-scalar field φ as Fourier integrals in ω
Ai(x, t) =
∑
λ=x,y,z
∫ +∞
−∞
dω
2pi
eiλ(nˆ)Aλ(x, ω)e
−iωt, φ(x, t) =
∫ +∞
−∞
dω
2pi
φ(x, ω)e−iωt, (4)
where eiλ is the electromagnetic wave polarization vector that depends on the direction of propagation nˆ. In addition, we
have that Aλ(x, ω) = A
∗
λ(x,−ω) and φ(x, ω) = φ∗(x,−ω) in order to ensure that Ai(x, t) and φ(x, t) are real functions.
We may note from the system (3) that the presence of a magnetized medium makes it possible the appearance of the
longitudinal electromagnetic field component. In what follows, we assume that the medium where electromagnetic waves
propagate to be homogeneous and anisotropic due to the presence of the magnetic field. In this case the response of the
medium is linear where Πij(x, x′) = Πij(x − x′). We also assume that the effects of the medium on the propagation of
electromagnetic waves to be local in space, namely Πµν(x − x′, t − t′) ' Πµν(t − t′)δ3(x − x′). This approximation is
quite accurate in most simple media such as gases and plasma.
Without any loss of generality, consider the case when the electromagnetic wave and the pseudoscalar field propagate
in a given coordinate system along the zˆ axis, namely nˆ = zˆ. We assume that all propagating fields depend on the z
coordinate only. By using the field expansions in (4) in the system (3) and making use of the assumptions about Πij ,
the system (3) becomes
∂iA
i(z, ω) = − igφγ
ω
∂iφ(z, ω)B¯
i +
iΠ0i(ω)
ω
Ai(z, ω)
(ω2 + ∂2z )A
i(z, ω)− ∂i∂jAj(z, ω)−Πij(ω)Aj(z, ω) = −iωgφγφ(z, ω)B¯i,
(ω2 + ∂2z −m2φ)φ(z, ω) = iωgφγAi(z, ω) · B¯i. (5)
We note that there is no difference between the covariant and contra-variant indexes in the vector fields in (5), and from
now we can use them interchangeably. In terms of field components, we get the following system of partial differential
equations
∂zAz(z, ω) = − igφγ
ω
∂zφ(z, ω)B¯
z +
iΠ0x(ω)
ω
Ax(z, ω) +
iΠ0y(ω)
ω
Ay(z, ω) +
iΠ0z(ω)
ω
Az(z, ω),
(ω2 + ∂2z )Ax(z, ω)−Πxx(ω)Ax(z, ω)−Πxy(ω)Ay(z, ω)−Πxz(ω)Az(z, ω) = −iωgφγφ(z, ω)B¯x,
(ω2 + ∂2z )Ay(z, ω)−Πyx(ω)Ax(z, ω)−Πyy(ω)Ay(z, ω)−Πyz(ω)Az(z, ω) = −iωgφγφ(z, ω)B¯y,[
ω2 −Πzz(ω)]Az(z, ω)−Πzx(ω)Ax(z, ω)−Πzy(ω)Ay(z, ω) + iωgφγφ(z, ω)B¯z = 0,
(ω2 + ∂2z −m2φ)φ(z, ω) = iωgφγ
[
Ax(z, ω)B¯
x +Ay(z, ω)B¯
y +Az(z, ω)B¯
z
]
. (6)
The system of partial differential equations in (6) is in its final form2 and it describes the mixing of the electromagnetic
field with the pseudoscalar field in a magnetized medium. We may note that the fourth equation in (6) is in reality a
constraint condition that all fields must satisfy for any z, ω and it is not a dynamical equation to be solved with the
remaining set of equations. To solve the system (6), we need first to entirely reduce it to a system of the first order of
linear differential equations. To achieve it, let us make the following definitions:
Ax(z, ω) ≡ x1(z, ω), ∂zAx(z, ω) ≡ x2(z, ω), Ay(z, ω) ≡ x3(z, ω), ∂zAy(z, ω) ≡ x4(z, ω),
Az(z, ω) ≡ x5(z, ω), φ(z, ω) ≡ x6(z, ω), ∂zφ(z, ω) ≡ x7(z, ω). (7)
1For an exhaustive discussion on the gauge conditions in electromagnetism, including the temporal gauge, and their interconnection see
Ref. [8].
2The temporal elements of the photon polarization tensor in (6) can be expressed in terms of the spatial components Πij if we go in
momentum space. Indeed, it can be shown that for a linear medium, the elements of the photon polarization tensor in momentum space
must obey to the charge-continuity equation kµJµ(k, ω) = 0 and the gauge invariance transformation of the fields. In this case the photon
polarization tensor must satisfy the following conditions in momentum space kµΠµν(k, ω) = 0 and kνΠµν(k, ω) = 0.
3
Now we define the column field X(z, ω) = [x1(z, ω), x2(z, ω), x3(z, ω), x4(z, ω), x5(z, ω), x6(z, ω), x7(z, ω)]
T
where the
symbol (T) means the transpose of a given field with components. In this case, the system of differential equations (6)
can be written as
∂zX(z, ω) = M(ω, B¯x, B¯y, B¯z)X(z, ω), (8)
where the matrix M is given by
M =

0 1 0 0 0 0 0
Πxx(ω)− ω2 0 Πxy(ω) 0 Πxz(ω) −σB¯x 0
0 0 0 1 0 0 0
Πyx(ω) 0 Πyy(ω)− ω2 0 Πyz(ω) −σB¯y 0
iΠ0x(ω)
ω 0
iΠ0y(ω)
ω 0
iΠ0z(ω)
ω 0 −σB¯z/ω2
0 0 0 0 0 0 1
σB¯x 0 σB¯y 0 σB¯z m2φ − ω2 0

, (9)
where we have defined the complex quantity σ ≡ iωgφγ . Since the matrix M does not explicitly depend on z, it commutes
with itself at different positions, namely [M,M ] = 0 for every z. In this case, the general solution of (8) is given by
X(z, ω) = exp
[∫ z
zi
dz′M(ω, B¯x, B¯y, B¯z)
]
X(zi, ω), (10)
where zi is the initial position where the interaction of the propagating fields with the external magnetic field takes place.
So, as far as the matrix exponential is concerned, the solutions of the equations of motion is simply reduced on calculating
the exponential of (z − zi)M .
3 Solution of equations of motion in an external magnetic field only
Consider now the case of electromagnetic waves (photons) mixing with a pseudo-scalar field in the presence of an external
magnetic field only. With this statement, we mean that there is not matter (gas and/or plasma) present in the laboratory
but only a magnetic field, so, we can treat the mixing problem as if it happens in a magnetized vacuum. In this case, we can
approximate that all the elements of the photon polarization tensor are zero, Πµν(ω) ' 0. Of course, this approximation
is quite accurate in the case when the strength of the external magnetic field is reasonably weak in comparison with the
strength of the critical magnetic field Bc. This essentially means that for laboratory magnetic field strengths we can
neglect as well the effect of vacuum polarization in the presence of the external magnetic field. Under this hypothesis,
we can neglect all the elements of the photon polarization tensor in the matrix M . In this case, the matrix M is quite
simplified and we can calculate the matrix exponential (z−zi)M analytically if M is a diagonalizable matrix. The matrix
M has seven distinct eigenvalues and it is diagonalizable, namely M = PDP−1 where P is the matrix formed with the
eigenvectors of M and D is a diagonal matrix formed with the eigenvalues of M . Since the matrix M is diagonalizable,
we have that exp[(z − zi)M ] = P exp[(z − zi)D]P−1. The eigenvalues λi and eigenvectors vi of M for i = 1, 2, 3, 4, 5, 6, 7
are
λ1 = 0, λ2 = −iω, λ3 = iω, λ4 = −C−/(
√
2ω2), λ5 = C−/(
√
2ω2), λ6 = −C+/(
√
2ω2), λ7 = C+/(
√
2ω2),
v1 =
[
−σB¯x/ω2, 0,−σB¯y/ω2, 0,
ω4 + σ2B2T − ω2m2φ
σω2B¯z
, 1, 0
]T
, v2 =
[−iB¯y/(ωB¯x),−B¯x/B¯y, i/ω, 1, 0, 0, 0]T ,
v3 =
[
iB¯y/(ωB¯x),−B¯x/B¯y,−i/ω, 1, 0, 0, 0
]T
, v4 =
[
−2
√
2σω6B¯x
C−G+ ,
2σω4B¯x
G+ , −
2
√
2σω6B¯y
C−G+ ,
2σω4B¯y
G+ ,
√
2σB¯z
C− , −
√
2ω2
C− , 1
]T
,
v5 =
[
2
√
2σω6B¯x
C−G+ ,
2σω4B¯x
G+ ,
2
√
2σω6B¯y
C−G+ ,
2σω4B¯y
G+ , −
√
2σB¯z
C− ,
√
2ω2
C− , 1
]T
,
v6 =
[
−2
√
2σω6B¯x
C+G− ,
2σω4B¯x
G− , −
2
√
2σω6B¯y
C+G− ,
2σω4B¯y
G− ,
√
2σB¯z
C+ , −
√
2ω2
C+ , 1
]T
,
v7 =
[
2
√
2σω6B¯x
C+G− ,
2σω4B¯x
G− ,
2
√
2σω6B¯y
C+G− ,
2σω4B¯y
G− , −
√
2σB¯z
C+ ,
√
2ω2
C+ , 1
]T
,
4
where we have defined C±, G± and F as follows
C± ≡
[−2ω6 − σ2ω2B¯2z + ω4m2φ ±F]1/2 , G± ≡ σ2ω2B¯2z−ω4m2φ±F , F ≡ [−4σ2ω8(B¯2x + B¯2y) + ω4 (σ2B¯2z − ω2m2φ)2]1/2 ,
(11)
with G− −G+ = −2F , B¯2 = B¯2T + B¯2z and B¯2T = B¯2x + B¯2y . The matrix P formed with the eigenvectors of M is invertible
when its determinant is different fro zero, namely when
Det[P ] =
i64ω9(2F)2B¯2T (ω4 + σ2B¯2 − ω2m2φ)
C−C+(G−G+)2B¯2xB¯z
6= 0.
By performing several lengthy operations on calculating the exponential in (10), we find the following solutions for
electromagnetic field components Ax,y,z(z, ω) and pseudoscalar field φ(z, ω) (we do not show the solutions for the field
derivatives since they are unnecessary) in a magnetized vacuum
Ax(z, ω) =
[
cosh
(
z C+√
2ω2
)
G+ − cosh
(
z C−√
2ω2
)
G−
]
B¯2x + 2 cos(zω)FB¯2y
2FB¯2T
Ax(0, ω) +[
sinh
(
z C+√
2ω2
)
G+C− − sinh
(
z C−√
2ω2
)
G−C+
]√
2ω3B¯2x + 2FC−C+ sin(zω)B¯2y
2ω C− C+ FB¯2T
∂zAx(0, ω) +([
cos (zω)− cosh
(
z C−√
2ω2
)]
G− −
[
cos (zω)− cosh
(
z C+√
2ω2
)]
G+
)
B¯xB¯y
2FB¯2T
Ay(0, ω) +([
sinh
(
z C+√
2ω2
)
G+C− − sinh
(
z C−√
2ω2
)
G−C+
]√
2ω3 − 2FC−C+ sin(zω)
)
B¯xB¯y
2ω C− C+ FB¯2T
∂zAy(0, ω)+([
1− cosh
(
z C−√
2ω2
)]
G− −
[
1− cosh
(
z C+√
2ω2
)]
G+ + ω6
[
cosh
(
z C+√
2ω2
)
− cosh
(
z C−√
2ω2
)])
σ2B¯xB¯z
2F
(
ω4 + σ2B¯2 − ω2m2φ
) Az(0, ω) +
σB¯x
2ω2 F
[
2ω6
[
cosh
(
z C−√
2ω2
)
− cosh
(
z C+√
2ω2
)]
− σ
2B¯2z
ω4 + σ2B¯2 − ω2m2φ
(
2ω6 cosh
(
z C−√
2ω2
)
− G−
[
1− cosh
(
z C−√
2ω2
)]
+ G+ − (2ω6 + G+) cosh
(
z C+√
2ω2
))]
φ(0, ω) +
[
sinh
(
z C−√
2ω2
)
C+ − sinh
(
z C+√
2ω2
)
C−
]
2
√
2σ ω6B¯x
2FC−C+ ∂zφ(0, ω),
Ay(z, ω) =
([
cos(zω)− cosh
(
z C−√
2ω2
)]
G− −
[
cos(zω)− cosh
(
z C+√
2ω2
)
G+
])
B¯xB¯y
2FB¯2T
Ax(0, ω)−([
sinh
(
z C−√
2ω2
)
G−C+ − sinh
(
z C+√
2ω2
)
G+C−
]√
2ω3 + 2FC−C+ sin(zω)
)
B¯xB¯y
2ω C− C+ FB¯2T
∂zAx(0, ω) +[
cosh
(
z C+√
2ω2
)
G+ − cosh
(
z C−√
2ω2
)
G−
]
B¯2y + 2 cos(zω)FB¯2x
2FB¯2T
Ay(0, ω) +[
sinh
(
z C+√
2ω2
)
G+C− − sinh
(
z C−√
2ω2
)
G−C+
]√
2ω3B¯2y + 2FC−C+ sin(zω)B¯2x
2ω C− C+ FB¯2T
∂zAy(0, ω)+([
1− cosh
(
z C−√
2ω2
)]
G− −
[
1− cosh
(
z C+√
2ω2
)]
G+ + ω6
[
cosh
(
z C+√
2ω2
)
− cosh
(
z C−√
2ω2
)])
σ2B¯yB¯z
2F
(
ω4 + σ2B¯2 − ω2m2φ
) Az(0, ω) +
σB¯y
2ω2 F
[
2ω6
[
cosh
(
z C−√
2ω2
)
− cosh
(
z C+√
2ω2
)]
− σ
2B¯2z
ω4 + σ2B¯2 − ω2m2φ
(
2ω6 cosh
(
z C−√
2ω2
)
− G−
[
1− cosh
(
z C−√
2ω2
)]
+ G+ − (2ω6 + G+) cosh
(
z C+√
2ω2
))]
φ(0, ω) +
[
sinh
(
z C−√
2ω2
)
C+ − sinh
(
z C+√
2ω2
)
C−
]
2
√
2σ ω6B¯y
2FC−C+ ∂zφ(0, ω),
5
Az(z, ω) =
([
cosh
(
z C−√
2ω2
)
− cosh
(
z C+√
2ω2
)])
G+G−B¯xB¯z
4ω6 FB¯2T
Ax(0, ω) +
([
sinh
(
z C−√
2ω2
)
C+ − sinh
(
z C+√
2ω2
)
C−
])
G+G−B¯xB¯z
2
√
2ω4 F C− C+B¯2T
∂zAx(0, ω)
+
([
cosh
(
z C−√
2ω2
)
− cosh
(
z C+√
2ω2
)])
G+G−B¯yB¯z
4ω6 FB¯2T
Ay(0, ω) +
([
sinh
(
z C−√
2ω2
)
C+ − sinh
(
z C+√
2ω2
)
C−
])
G+G−B¯yB¯z
2
√
2ω4 F C− C+B¯2T
∂zAy(0, ω)+[
2ω6G+
(
ω4 + σ2
[
B¯2T + B¯
2
z cosh
(
z C−√
2ω2
)]
− ω2m2φ
)
− G−
(
2ω10 + σ2
[
2ω6B¯2T +
(
cosh
(
z C+√
2ω2
)
(2ω6 + G+)−
cosh
(
z C−√
2ω2
)
G+
)
B¯2z
]
− 2ω8m2φ
)] [
4ω6F (ω4 + σ2B¯2 − ω2m2φ)]−1Az(0, ω) +
σB¯z
[
2ω6
[
1− cosh
(
z C−√
2ω2
)]
G+
(
ω4 + σ2B¯2T − ω2m2φ
)− G−(2ω10(1− cosh( z C+√
2ω2
))
+ σ2
[
2ω6B¯2T (1−
cosh
(
z C+√
2ω2
))
+
(
cosh
(
z C+√
2ω2
)
− cosh
(
z C−√
2ω2
))
G+B¯2z
]
− 2ω8m2φ
(
1− cosh
(
z C+√
2ω2
)))]
×
[
4ω8F (ω4 + σ2B¯2 − ω2m2φ)]−1 φ(0, ω) +
[
sinh
(
z C+√
2ω2
)
C−G− − sinh
(
z C−√
2ω2
)
C+G+
]√
2σ B¯z
2FC−C+ ∂zφ(0, ω),
φ(z, ω) =
([
cosh
(
z C+√
2ω2
)
− cosh
(
z C−√
2ω2
)])
G+G−B¯x
4σ ω4 FB¯2T
Ax(0, ω) −
([
sinh
(
z C−√
2ω2
)
C+ − sinh
(
z C+√
2ω2
)
C−
])
G+G−B¯x
2
√
2σ ω2 F C− C+B¯2T
∂zAx(0, ω)−([
cosh
(
z C−√
2ω2
)
− cosh
(
z C+√
2ω2
)])
G+G−B¯y
4σ ω4 FB¯2T
Ay(0, ω) −
([
sinh
(
z C−√
2ω2
)
C+ − sinh
(
z C+√
2ω2
)
C−
])
G+G−B¯y
2
√
2σ ω2 F C− C+B¯2T
∂zAy(0, ω) +
σB¯z
4ω4F
(
ω4 + σ2B¯2 − ω2m2φ
) [2ω6G− [cosh( z C+√
2ω2
)
− 1
]
+
[
2ω6 + G− cosh
(
z C+√
2ω2
)
− (2ω6 + G−) cosh
(
z C−√
2ω2
)]
G+
]
Az(0, ω)
+
[
2ω6
[
σ2B¯2z + cosh
(
z C−√
2ω2
)]
G+
(
ω4 + σ2B¯2T − ω2m2φ
)− G−(2ω10 cosh( z C+√
2ω2
)
+ σ2
[
2ω6B¯2T
cosh
(
z C+√
2ω2
)
+
[
2ω6 +
(
cosh
(
z C−√
2ω2
)
− cosh
(
z C+√
2ω2
))
G+
]
B¯2z
]
− 2ω8m2φ cosh
(
z C+√
2ω2
))]
×
[
4ω6F (ω4 + σ2B¯2 − ω2m2φ)]−1 φ(0, ω) +
[
sinh
(
z C−√
2ω2
)
C+G+ − sinh
(
z C+√
2ω2
)
C−G−
]√
2ω2
2FC−C+ ∂zφ(0, ω).
(12)
The condition that Det[P ] 6= 0 is a sufficient condition that M is diagonalizable. In what follows we keep in mind that
we must work with values of our parameter space {ω, B¯i,Πµν ,mφ, gφγ} that satisfy the condition Det[P ] 6= 0. This is
usually satisfied when C± 6= 0,G± 6= 0,F 6= 0 and ω4 + σ2B¯2−ω2m2φ 6= 0. Also a sufficient (but not necessary) condition
for a given matrix to be diagonalizable is that all its eigenvalues must be distinct, which in the case of M is satisfied.
4 Solution of equations of motion in a magnetized plasma/gas
In the previous section, we found the solutions of the equation of motion in the case when the mixing of electromagnetic
waves with the pseudoscalar field happens in the presence of an external magnetic field only. In this section, we want to
focus on the case when in addition to the external magnetic field there is present also a medium. However, the solutions
of the equations of motion in the general case when both media and an external magnetic field coexist are very difficult
to find because it is extremely hard to calculate the matrix exponential in (10). In this section, we concentrate on the
case when the external magnetic field is completely perpendicular to the direction of propagation of the electromagnetic
field/pseudoscalar field that we choose for simplicity to be B¯ = (B¯x, 0, 0). Besides, we need to specify the type of medium
where the fields propagate in. Usually, the mixing of photons with pseudoscalar particles takes place in a vacuum (simplest
case) or a gas or a plasma. Let us consider the case when the mixing occurs in a magnetized plasma of electrons and
protons or other heavy ionized nuclei. The reason for this choice is that the elements of the photon polarization tensor are
explicitly known in the case of a cold collisionless plasma, see Ref. [9] for details. Also, the solution that we find below
is also valid in the case of a gas or another type of media in which only the diagonal elements of the photon polarization
tensor contribute to the mixing problem. By proceeding in the same way as in sec. 4, we find the following solution of
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Eq. (10) for a cold collisionless plasma and another type of media in which only the elements Πxx,yy,0z of the photon
polarization tensor are different from zero
Ax(z, ω) =
(
1
2
[
cosh
(
zA−√
2
)
+ cosh
(
zA+√
2
)]
+
m2φ −Πxx
2S
[
cosh
(
zA−√
2
)
− cosh
(
zA+√
2
)])
Ax(0, ω) +
1√
2S
 sinh
(
zA−√
2
) [
m2φ −Πxx + S
]
A− −
sinh
(
zA+√
2
) [
m2φ −Πxx − S
]
A+
 ∂zAx(0, ω) + σB¯xS
[
cosh
(
zA−√
2
)
− cosh
(
zA+√
2
)]
φ(0, ω)
+
√
2σB¯x
S
 sinh
(
zA−√
2
)
A− −
sinh
(
zA+√
2
)
A+
 ∂zφ(0, ω),
Ay(z, ω) = cosh
(
z
√
Πyy − ω2
)
Ay(0, ω) +
sinh
(
z
√
Πyy − ω2
)√
Πyy − ω2
∂zAy(0, ω) +
ω2Πyz
2
(
2e
izΠ0z
ω
ω4 −Π20z − ω2Πyy
− e
−z
√
Πyy−ω2
ω4 − iΠ0z
√
ω2Πyy − ω4 − ω2Πyy
− e
z
√
Πyy−ω2
ω4 + iΠ0z
√
ω2Πyy − ω4 − ω2Πyy
)
Az(0, ω),
Az(z, ω) = e
izΠ0z/ωAz(0, ω),
φ(z, ω) =
σB¯x
S
[
cosh
(
zA+√
2
)
− cosh
(
zA−√
2
)]
Ax(0, ω)−
√
2σB¯x
S
 sinh
(
zA−√
2
)
A− −
sinh
(
zA+√
2
)
A+
 ∂zAx(0, ω)+(
1
2
[
cosh
(
zA−√
2
)
+ cosh
(
zA+√
2
)]
− m
2
φ −Πxx
2S
[
cosh
(
zA−√
2
)
− cosh
(
zA+√
2
)])
φ(0, ω) +
1√
2S
 sinh
(
zA+√
2
) [
m2φ −Πxx + S
]
A+ −
sinh
(
zA−√
2
) [
m2φ −Πxx − S
]
A−
 ∂zφ(0, ω),
(13)
where we have defined
S ≡
√
−4σ2B¯2x + (m2φ −Πxx)2, A± ≡
√
−2ω2 +m2φ + Πxx ± S. (14)
As we did in Sec. 3, the condition for the matrix M to be diagonalizable, in the case studied in this section, is that
Det[P ] 6= 0. This condition is satisfied as far as A± 6= 0,S 6= 0 and
√
Πyy − ω2 6= 0 for ω > 0. Also as we found in Sec. 3,
even in the case studied in this section, the matrix M has seven distinct eigenvalues and consequently is diagonalizable.
5 Transition probabilities and longitudinal electric field
In Sec. 3 and Sec. 4 we found a solution of the equations of motion in the case when the mixing happens in an external
magnetic field only with arbitrary direction with respect to the direction of propagation of fields and in the case of a
transverse magnetic field with respect to the direction of propagation in a magnetized plasma. In this section we focus
on discussing the solutions found in Sec. 3 and Sec. 4 and their implications and also compare these solutions with those
found by using approximate methods.
Let us first focus on the solutions found in Sec. 3 that we found in the case of propagation in a magnetized vacuum
for arbitrary direction of the external magnetic field. It will be more convenient in what follows to slightly rewrite the
functions C± and F that appear in (11)
C± = i
√
2ω3
[
1− 1
2
(
gφγB¯z
ω
)2
− m
2
φ
2ω2
∓ F
2ω6
]1/2
,
F
2ω6
=
[(
gφγB¯T
ω
)2
+
1
4
(
gφγB¯z
ω
)4
+
(mφ
2ω
)2 [(mφ
ω
)2
+ 2
(
gφγB¯z
ω
)2]]1/2
, (15)
where we considered ω > 0. Since we intended to apply our results in case of a constant and uniform magnetic field
such as in a laboratory, let us consider for simplicity that we have initially a linearly polarized and monochromatic
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electromagnetic with polarization vector along the xˆ axis. In this case we have that only Ax(0, ω) and ∂zAx(0, ω) in (12)
are different from zero and
Ax(z, ω) =
[
cosh
(
z C+√
2ω2
)
G+ − cosh
(
z C−√
2ω2
)
G−
]
B¯2x + 2 cos(zω)FB¯2y
2F(B¯2x + B¯2y)
Ax(0, ω) +[
sinh
(
z C+√
2ω2
)
G+C− − sinh
(
z C−√
2ω2
)
G−C+
]√
2ω3B¯2x + 2FC−C+ sin(zω)B¯2y
2ω C− C+ F(B¯2x + B¯2y)
∂zAx(0, ω),
Ay(z, ω) =
([
cos(zω)− cosh
(
z C−√
2ω2
)]
G− −
[
cos(zω)− cosh
(
z C+√
2ω2
)
G+
])
B¯xB¯y
2F(B¯2x + B¯2y)
Ax(0, ω)−([
sinh
(
z C−√
2ω2
)
G−C+ − sinh
(
z C+√
2ω2
)
G+C−
]√
2ω3 + 2FC−C+ sin(zω)
)
B¯xB¯y
2ω C− C+ F(B¯2x + B¯2y)
∂zAx(0, ω),
Az(z, ω) =
([
cosh
(
z C−√
2ω2
)
− cosh
(
z C+√
2ω2
)])
G+G−B¯xB¯z
4ω6 F(B¯2x + B¯2y)
Ax(0, ω) +
([
sinh
(
z C−√
2ω2
)
C+ − sinh
(
z C+√
2ω2
)
C−
])
G+G−B¯xB¯z
2
√
2ω4 F C− C+(B¯2x + B¯2y)
∂zAx(0, ω),
φ(z, ω) =
([
cosh
(
z C+√
2ω2
)
− cosh
(
z C−√
2ω2
)])
G+G−B¯x
4σ ω4 F(B¯2x + B¯2y)
Ax(0, ω) −
([
sinh
(
z C−√
2ω2
)
C+ − sinh
(
z C+√
2ω2
)
C−
])
G+G−B¯x
2
√
2σ ω2 F C− C+(B¯2x + B¯2y)
∂zAx(0, ω).
(16)
The solutions in (16) are exact and have been obtain in the case of propagation of electromagnetic waves in a
magnetized vacuum only. Solutions (16) can be further simplified if we assume that initially we have a linearly polarized
monochromatic plane wave propagating in vacuum with constant amplitude in space. In this case we can replace
∂zAx(0, ω) = ikAx(0, ω) = iωAx(0, ω) where k = ω is the initial magnitude of the plane electromagnetic wave with
wave-vector k = (0, 0, k) at z = 0. Let Iγ(0, ω) = |Ax(0, ω)|2 be the intensity3 of the incident monochromatic plane wave
at z = 0 and the pseudoscalar field intensity at a distance z from the source, Iφ(z, ω) = |φ(z, ω)|2. Then the efficiency
(or probability) of transformation of photons into pseudoscalar particles as a function of z and ω is given by
Pγφ(z, ω) ≡ Iφ(z, ω)
Iγ(0, ω)
=
G2+G2−B¯2x
8F2|σ|2ω2B¯4T
∣∣∣∣∣∣(√2ω3)−1
[
cosh
(
z C+√
2ω2
)
− cosh
(
z C−√
2ω2
)]
− i
 sinh
(
z C−√
2ω2
)
C− −
sinh
(
z C+√
2ω2
)
C+
∣∣∣∣∣∣
2
.
(17)
Expression (17) is an exact expression that gives the probability of transformation of photons into pseudoscalar particles
in the presence of a constant magnetic field of arbitrary direction for an initial incident linearly polarized monochromatic
wave. Expression (17) generalizes the transition probability obtained in the literature that has been derived by using
approximation methods. That expression is also valid in the case of an incident linearly polarized plane wave-like
electromagnetic wave with a space varying amplitude that satisfies |∂zAx(0, ω)|  |ikAx(0, ω)|.
Now let us calculate the transition probability in the case when a matter is present and the external magnetic field
is completely transverse with respect to the direction of propagation B¯ = (B¯x, 0, 0). By using the solution for the
pseudoscalar field in (13) for an incident linearly polarized monochromatic wave along the xˆ only, we get the following
expression for the transition probability of photons into pseudoscalar particles
Pγφ(z, ω) ≡
∣∣∣∣σB¯xS
∣∣∣∣2
∣∣∣∣∣∣
[
cosh
(
zA+√
2
)
− cosh
(
zA−√
2
)]
−
√
2iω
 sinh
(
zA−√
2
)
A− −
sinh
(
zA+√
2
)
A+
∣∣∣∣∣∣
2
. (18)
The expression of the transition probability in (18) is an exact one in the case of transition of photons into pseudoscalar
particles in a transverse magnetic field and media. It is quite useful to see how expression (18) reduces in case the mixing
particles are relativistic, namely ω  mφ,Πxx where Πxx essentially represents the effective mass of the photon state in
a medium. It is more convenient at this stage to write S and A in (14) as follows
S
2ω2
=
√√√√g2φγB¯2x
ω2
+
1
4
(
m2φ −Πxx
)2
ω4
, A± = i
√
2ω
√√√√1− 1
2
(
m2φ
ω2
+
Πxx
ω2
± S
ω2
)
, (19)
3Here with intensity we mean that associated to electromagnetic field vector-potential Ai and not to the electric field Ei. Also, here we use
the word probability of transition in conformity with other results found in the literature. However, we must keep in mind that our approach
on studying the photon-pseudoscalar particle mixing is classical.
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where again we here consider only ω > 0. In order to proceed further it is also very useful to calculate the order of
magnitude of each term appearing in (19) where(
gφγB¯x
ω
)2
= 8.76× 10−34
(
gφγ
10−10GeV−1
)2(
B¯x
T
)2(
1015Hz
ω
)2
,
(mφ
ω
)2
= 2.31× 10−12
( mφ
10−6eV
)2(1015Hz
ω
)2
,
Πxx
ω2
= 2.31× 10−20
(
Πxx
10−20eV2
)(
1015Hz
ω
)2
.
(20)
By looking at expressions in (20), we can observe that each of them are much smaller than unity for reasonable values
of the parameters ω, B¯x and gφγ . Consequently we can keep only the first order terms in series expansion of A± in (19),
while we keep exact the expression for S/(2ω2). By doing some lengthy calculations, we get the following expression for
transition probability of photons into pseudoscalar particles for ultra-relativistic particles in the case when all quantities
in (20) are much less than unity
Pγφ(z, ω) '
4 g2φγω
2B¯2x
S2
[
sin2
(
zS
4ω
)
− S
8ω2
sin
(
zS
2ω
)
sin
[
2ωz
(
1− m
2
φ + Πxx
4ω2
)]
+
m2φ + Πxx
2ω2
sin2
(
zS
4ω
)
cos2
[
ωz
(
1− m
2
φ + Πxx
4ω2
)]
+
S2
16ω4
cos2
(
zS
4ω
)
sin2
[
ωz
(
1− m
2
φ + Πxx
4ω2
)]]
.
(21)
The expression for the transition probability in (21) is a generalization of the transition probability of photons into
pseudoscalar particles found in the literature by using approximate methods to solve the equations of motion, in the
relativistic regime, for an incident linearly polarized plane electromagnetic wave or plane-like electromagnetic wave with
constant or slowly varying amplitude with respect to the position z. Usually by using a WKB approximation for
relativistic particles, in the literature only the first trigonometric term within the parenthesis in (21) is present and the
remaining terms are completely absent. The absence of the remaining terms is usually justified because their magnitudes
are usually very small (much less than unity) and negligible for relativistic particles. However, these terms can be
important in the case when the leading trigonometric term within the parenthesis in (21) is identically to zero, namely
when sin2(zS/(4ω)) = 0 that is satisfied for z = 4ω npi/S where n is an integer number n ∈ Z. In that case also the
second and the third term within parenthesis in (21) are identically to zero. The only surviving term is the last one
within parenthesis in (21) and the expression for the transition probability reduces to
Pγφ(ω;n) =
g2φγB¯
2
x
4ω2
sin2
[
2npi
S/(2ω2)
(
1− m
2
φ + Πxx
4ω2
)]
' g
2
φγB¯
2
x
4ω2
sin2
 2npi√
g2φγB¯
2
x
ω2 +
1
4
(m2φ−Πxx)
2
ω2
 for z = 4piωnS .
(22)
Suppose for example that m2φ  |Πxx| and also suppose that gφγB¯x  mφ in (19). In this case we can approximate
S/(2ω2) ' (1/2)(mφ/ω)2 in (19). Under this approximation we have that expression (22) reduces to
Pγφ(ω;n) =
g2φγB¯
2
x
4ω2
sin2
[
4npi
m2φ/ω
2
]
for z =
4piωn
S '
1.63× 106 m( mφ
10−6eV
)2 ( 1015Hz
ω
) . (23)
Let us consider for example that n = 1,mφ = 10
−6 eV and ω = 1010 Hz where z ' 16.3 m. For these values
of the parameters, we would have (mφ/ω)
2 = 2.31 × 10−2  1 (we are within the limits of our approximations),
sin2
[
4pi
m2φ/ω
2
]
' 0.23 and the transition probability in (23) would become
Pγφ(B¯x, gφγ) ' 8.14× 10−24
(
gφγ
10−10GeV−1
)2(
B¯x
T
)2
. (24)
If we consider that gφγ ' 10−10 GeV−1 and a strong magnetic field with strength B¯x = 106 T, we would get Pγφ '
8.14×10−12. This example tells us that if we would use the transition probability found by using approximation methods,
we would get a transition probability that is exactly zero. However, if we use the full expression for the transition
probability we would get a transition probability that is small but not zero. If we add to this fact that the transition
probability could be bigger or smaller depending on the values of the parameters and that for a practical purpose we
multiply the value of the transition probability with very large numbers, then we can realize how much important is to
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have an exact expression for the transition probability. Of course, all said depends on the situation and clearly, there are
situations that the approximate expression for the transition probability is enough for practical purposes.
Another interesting fact is that in the case of propagation in a magnetised vacuum and for arbitrary direction of the
magnetic field, there is also the presence of the longitudinal component of the electric field in the case when the external
magnetic field has a longitudinal component with respect to the direction of propagation. The appearance of this
longitudinal state is in some sense analogous to the appearance of the longitudinal state of the electromagnetic radiation
in a magnetised plasma. The electric field component of the electromagnetic radiation associated with this longitudinal
state is given by Ez(z, t) = −∂tAz(z, t) = iωAz(z, ω)e−iωt in the temporal gauge A0 = 0 for a monochromatic wave. The
magnitude of the electric field in the direction of propagation of the wave is given by using the expression for Az(z, ω) in
(16) and if we consider only B¯ = (B¯x, 0, B¯z), we get
|Ez(z, t)| =
∣∣∣∣ G−G+B¯z2√2ω4F B¯x
∣∣∣∣
∣∣∣∣∣∣(√2ω2)−1
[
cosh
(
z C−√
2ω2
)
− cosh
(
z C+√
2ω2
)]
+ iω
 sinh
(
z C−√
2ω2
)
C− −
sinh
(
z C+√
2ω2
)
C+
∣∣∣∣∣∣ |Ex(0, t)|.
(25)
6 Discussion and conclusions
In this work, I studied the mixing of the electromagnetic field with a pseudoscalar field in a magnetized vacuum and media.
I studied the effects on the electromagnetic field in the case when the external magnetic field is transverse with respect
to the direction of propagation in media and also for an arbitrary direction of the external magnetic field in vacuum. To
obtain the results found in this work, I solved exactly the equations of motion of the photon-pseudoscalar field in different
situations. One of the key aspects is that we had to reduce the second order partial differential equations to first order and
them solve them for space independent coefficient matrix M . On doing this, I employed the same method used to solve
the equations of motion of the graviton-photon mixing in an external magnetic field [7]. The solution of the equation of
motion of the photon-pseudoscalar particle mixing is solvable exactly for a constant magnetic field of arbitrary direction
in a vacuum and a transverse magnetic field in magnetized media. For other types of configurations, the solution of
the equations of motion is usually extremely complicated because it is very difficult to analytically compute the matrix
exponential of (z − zi)M .
One of the main results obtained in this work has been to find the exact solution of the equations of motion in some
cases and compute the transformation efficiency or transition probability of photons into pseudoscalar particles. The
expressions for the transition probabilities, that have been found in different situations, generalize those previously found
in the literature by using approximate WKB methods to solve the equations of motion. As we have seen in Sec. 5, there
are cases when the expression for the transition probability is exactly zero for some values of z when approximate methods
are used to compute it. However, when the equations of motion are solved exactly, there are additional trigonometric
terms in the expression of the transition probability that are non zero. This fact is very important since there could
be situations when these extra terms of the transition probability could be relevant if they are multiplied with large
numbers such as, for example, the electromagnetic intensity of a given object etc. Also, the main expressions for the
transition probability have been found for arbitrary particle energies, contrary to those studies in the literature where
the interacting particles have been usually assumed to be relativistic.
Another important fact that has been completely neglected in the literature is that in the case when the external
magnetic field has a longitudinal component with respect to the direction of propagation of the fields, it is present also
a longitudinal component of the electric field or simply a longitudinal photon, see Eq. (25). The appearance of this
longitudinal photon could be very important in laboratory searches of axions and/or axion-like particles. In principle,
one can attempt to use the electromagnetic force associated with the longitudinal electric field on a charged object that
can be put in the apparatus and then try to measure its displacement in response. Another important consequence of
the appearance of the longitudinal photon is that the rotation of the plane of the incident electromagnetic wave is not
anymore necessary to occur in the plane perpendicular to the direction of propagation of the fields but it can be slightly
tilted towards the direction of propagation. The appearance of the longitudinal photon state and its applicability on
laboratory searches of axions and/or axion-like particles depends on several factors and it could be very well that its
appearance is irrelevant with respect to other techniques that try to find these weakly interacting particles.
The last thing that is worth mentioning and which goes in parallel with the conclusion of laboratory searches of
graviton-photon mixing [7], is that our results have been found in the case when the propagation of the fields happens
in open-like space and not in a confined cavity. If the photon-pseudoscalar particle mixing occurs in a confined cavity
where the electromagnetic field could be reflected on the cavity walls, then it is necessary to look for the solution of the
equations of motion for fields that depend on all spatial coordinates x, y, z and not only z as studied in this work.
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